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Abstract
In this article, in the framework of an analytical approach and with help of the generalized
version of the Hurwitz transformation the five–dimensional bound system composed of the Yang
monople coupled to a particle of the isospin by SU(2) and Coulomb interaction is constructed
from the eight-dimensional quantum oscillator. The generalized Runge-Lentz vector and the
SO(6) group of the hidden symmetry are established. It is also shown that group of hidden
symmetry makes it possible to calculate the spectrum of system by a pure algebraic method.
1 Introduction
The objective of the present work is to illustrate the property of the Shro¨dinger equation
which is called here the dyon–oscillator duality. The property is in the following. The
Scho¨dinger equation for an oscillator possesses two parameters – the energy E and the
cyclic frequency ω. The quantization leads to the constraint E = h¯ω(N + D/2), where
N = 0, 1, 2, . . ., and D is the dimension of the configuration space of the oscillator. If ω is
fixed then E is quantized, and that is the standard situation. Imagine for a moment that
now E is fixed. Whence, necessarily ω is quantized, and we are in nonstandard situation.
The question is whether the nonstandard situation corresponds to any physics, i.e. is
it possible to find such a transformation that converts the oscillator to some physical
system with coupling constant α, being a function of E, and energy ε, depending on ω?
If there exists such a transformation, we can confirm that the ”nonstandard oscillator” is
identical to that physical system. Below will be shown the validity of the described picture
for dimensions D = 1, 2, 4, 8, and that the final system is bound system of charge–particle
(remind, that dyon is the hypothetical particle introduced by Schwinger [1], which is unlike
the Dirac monopole endowed with not just magnetic but electric charge as well). As the
”standard” and ”nonstandard” regimes are mutually exclusive, the initial oscillator and
the final ”charge–dyon” system are dual to each other, and that explains the relevancy
of the term ”dyon–oscillator duality”. Note also, that in the initial system the spectrum
is discrete only, i.e. the particle has just a finite motion (for such cases it is used to say
that we have a model with confinement). Generally speaking, the spectrum of the final
system includes the discrete spectrum as well as the continuous one, i.e. in that model
there is no confinement. However, unlike the first model, in the second model we have
monopoles. There is some analogy between the dyon–oscillator and the Seiberg–Witten
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duality [2], according to which the gauge theories with strong interactions are equivalent
to the theories having weak interaction on one hand and topological nontrivial objects,
such as monopoles and dyons are, on the other hand.
2 Coulomb-Oscillator Duality
Let us consider the equation
d2R
du2
+
D − 1
u
dR
du
− L(L+D − 2)
u2
R +
2m
h¯2
(
E − mω
2u2
2
)
R = 0. (1)
Here R is the radial part of the wave function for D-dimensional oscillator (D > 2),
L = 0, 1, 2, . . . are the eigenvalues of the global angular momentum.
After substitution r = u2 the equation (1) transforms to the equation
d2R
dr2
+
d− 1
r
dR
dr
− l(l + d− 2)
r2
R +
2m
h¯2
(
ǫ+
e2
r
)
R = 0, (2)
where d = D/2 + 1, l = L/2,
ǫ = −mω2/8, e2 = E/4. (3)
This is quite an unexpected result. IfD = 4, 6, 8, . . ., then d = 3, 4, 5, . . ., and the equation
(2) is formally identical to the radial equation for d-dimensional Coulomb problem (for
odd D > 2 the value of d is half-integer and so cannot have the meaning of the dimension
of the space in the usual sense). Then, l takes not only integer but half-integer values as
well, hence it has a meaning of general momentum and a question arise about the origin
of the fermion degree of freedom. The answer to the question will be given later. Finally,
as was mentioned in first section, the equations (1) and (2) are dual to each other and
the duality transformation is r = u2.
Up to now, just the radial part of the wave function of the oscillator has been con-
sidered. For the Schro¨dinger equation we must take into account the angular part as
well. Thus, the duality transformation must also include the transformation of angular
variables. If we interpret the change of variables r = u2 as the mechanism of generation
of electric charge, (as will be shown later) the transformation of some angular variables
is responsible for the generation of magnetic charges.
Therefore, we return to the condition r = u2. In the Cartesian coordinates this
condition has the form
x20 + x
2
1 + · · ·+ x2d−1 =
(
u20 + u
2
1 + · · ·+ u2D−1
)2
,
which is called the Euler’s identity. According to Hurwitz theorem [3] this equation has
a solution bilinear in uµ only for the following pairs of numbers
(D, d) = (1, 1); (2, 2); (4, 3); (8, 5).
Three remarkable circumstances are connected with the last relation:
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• (D, d) = (2, 2) – is the Levi-Civita transformation [4].
(D, d) = (4, 3) – is the Kustaanheimo-Stiefel transformation [5].
(D, d) = (8, 5) – is the Hurwitz transformation [6,7,8].
• The transformation (4) establishes the connection between two fundamental prob-
lems of mechanics, the oscillator and Kepler problems.
• The ”magic” numbers D = 1, 2, 4, 8 have the direct relation to the existence fact
of four basic algebraic structures: real numbers, complex numbers, quaternions and
octanions.
Later on we consider only the case (D, d) = (8, 5).
3 Hurwitz Transformation
We can write the solution of the Euler’s indentity as
x = H(u;D)u, (4)
which can be interpreted as a bilinear transformation that maps one Euclidean space into
another. Here D is the dimension of the space, H is the matrix D×D with the elements
uµ, and x, u are D-dimensional columns composed from xj , uµ and, possibly, zeroes. So,
for the Levi–Civita and Kustaanheimo–Stiefel transformations we have(
x1
x2
)
=
(
u1 −u2
u2 u1
)(
u1
u2
)
,

x1
x2
x3
0
 =

u3 −u4 u1 −u2
u4 u3 u2 u1
u1 u2 −u3 −u4
u2 −u1 −u4 u3


u1
u2
u3
u4
 .
The matrixes H(u; 2) and H(u; 4) have the property
H(u; 2)HT (u; 2) = u2E(2), H(u; 4)HT(u; 2) = u2E(4),
where ”T” means the sign of the transposition, E(2) and E(4) are the unit matrixes. Due
to these properties the Euler identities are fulfilled. Now it is easily deduced, that the
transformation IR8(~u)→ IR5(~x) must take the form [6]
x0
x1
x2
x3
x4
0
0
0

=

u0 u1 u2 u3 −u4 −u5 −u6 −u7
u4 u5 −u6 −u7 u0 u1 −u2 −u3
u5 −u4 u7 −u6 −u1 u0 −u3 u2
u6 u7 u4 u5 u2 u3 u0 u1
u7 −u6 −u5 u4 u3 −u2 −u1 u0
u1 −u0 u3 −u2 u5 −u4 u7 −u6
u2 −u3 −u0 u1 −u6 u7 u4 −u5
u3 u2 −u1 −u0 −u7 −u6 u5 u4


u0
u1
u2
u3
u4
u5
u6
u7

.
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Hence it follows that
x0 = u
2
0 + u
2
1 + u
2
2 + u
2
3 − u24 − u25 − u26 − u27,
x1 = 2 (u0u4 − u1u5 − u2u6 − u3u7),
x2 = 2 (u0u5 + u1u4 − u2u7 + u3u6), (5)
x3 = 2 (u0u6 + u1u7 + u2u4 − u3u5),
x4 = 2 (u0u7 − u1u6 + u2u5 + u3u4).
It is easy to prove that for the matrix H(u; 8) there is a condition
H(u; 8)HT(u; 8) = u2E(8)
that guarantee the validity of Euler identity.
Adding to (5) the transformations [9]
αT =
i
2
ln
(u0 + iu1)(u2 − iu3)
(u0 − iu1)(u2 + iu3)
∈ [0, 2π),
βT = 2 arctan
(
u20 + u
2
1
u22 + u
2
3
)1/2
∈ [0, π], (6)
γT =
i
2
ln
(u0 − iu1)(u2 − iu3)
(u0 + iu1)(u2 + iu3)
∈ [0, 4π),
we obtain a transformation converting IR8 to the direct product IR5 ⊗ S3 of the space
IR5(~x) and a three-dimensional sphere S3(αT , βT , γT ).
4 Dyon-Oscillator Duality
In the coordinates (5), (6) we can transform the Scho¨dinger equation for the eight-
dimensional isotropic oscillator
∂2ψ
∂u2µ
+
2m
h¯2
(
E − mω
2u2
2
)
ψ = 0, uµ ∈ R8
into the equation [10]
1
2m
(
−ih¯ ∂
∂xj
− h¯Aaj Tˆa
)2
ψ +
h¯2
2mr2
Tˆ 2ψ − e
2
r
ψ = ǫψ (7)
where ǫ and e2 are defined by the relation (3). The operators Tˆa are the generators of the
SU(2) group. In coordinates (αT , βT , γT ) they are parametrized as follows
Tˆ1 = i
(
cosαT cos βT
∂
∂αT
+ sinαT
∂
∂βT
− cosαT
sin βT
∂
∂γT
)
,
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Tˆ2 = i
(
sinαT cot βT
∂
∂αT
− cosαT
∂
∂βT
− sinαT
sin βT
∂
∂γT
)
,
Tˆ3 = −i
∂
∂αT
.
Recall that the operators Tˆa satisfy the following commutation relations[
Tˆa, Tˆb
]
= iεabcTˆc.
The five-dimensional vectors ~Aa are given by the expressions
~A1 =
1
r(r + x0)
(0, x4, x3,−x2,−x1),
~A2 =
1
r(r + x0)
(0,−x3, x4, x1,−x2),
~A3 =
1
r(r + x0)
(0, x2,−x1, x4,−x3),
The vectors ~Aa are orthogonal to each other,
AajA
b
j =
1
r2
r − x0
r + x0
δab
and to the vector ~x = (x0, x1, x2, x3, x4) as well.
The equation (7) is identical to the Pauli equation and therefore we can give to the
triplet of five-dimensional vectors ~Aa the meaning of the vector potentials with the line
of singularity along the nonpositive x0 semiaxis.
The five-dimensional vector potentials ~Ba
~B1 =
1
r(r − x0)
(0,−x4, x3,−x2, x1),
~B2 =
1
r(r − x0)
(0,−x3,−x4, x1, x2),
~B3 =
1
r(r − x0)
(0, x2,−x1,−x4, x3)
with the singularity axis, directed along the nonnegative x0 semiaxis, are obtained from
the vectors ~Aa by the following gauge transformation
Bj = SˆAjSˆ
−1 + iSˆ
∂
∂xj
Sˆ−1.
Here Aj = A
a
j Tˆa, Bj = B
a
j Tˆa, and
Sˆ = e−iγTˆ3e−iβTˆ2e−iαTˆ3 .
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The hyperspherical angles α, β and γ are defined as
α =
i
2
ln
(x2 − ix1)(x4 − ix3)
(x2 + ix1)(x4 + ix3)
∈ [0, 2π)
β = 2 arctan
(
x21 + x
2
2
x23 + x
2
4
)1/2
∈ [0, π]
γ =
i
2
ln
(x2 + ix1)(x4 − ix3)
(x2 − ix1)(x4 + ix3)
∈ [0, 4π).
Now, it is necessery to explain what the physical system the equation (7) describes.
5 Field Tensor
For the first step we rewrite the five-dimensional vector potentials ~Aa in the following
form
Aai =
2ig
r(r + x0)
τaijxj . (8)
Here τaij are the 5× 5 matrices having the following explicit form
τ 1 =
1
2
 0 0 00 0 −iσ1
0 iσ1 0
 , τ 2 = 1
2
 0 0 00 0 iσ3
0 −iσ3 0
 , τ 3 = 1
2
 0 0 00 σ2 0
0 0 σ2
 ,
where σa are the Pauli matrices and the τa matrices satisfying [τa, τ b] = iǫabcτ
c. It is
obvious that τaij = −τaji and, therefore, the vectors ~Aa are orthogonal to ~x. Moreover, for
the τa matrices the following relations occur
4τaijτ
b
jk = δab (δik − δi0δk0) + 2iǫabcτ cik, (9)
ǫabcτ
b
ijτ
c
km =
i
2
[
(δi0δk0 − δik) τajm − (δi0δm0 − δim) τajk +
+ (δj0δm0 − δjm) τaik − (δj0δk0 − δjk) τaim
]
. (10)
Now, using the definition of the Yang-Mills field tensor
F aij =
∂Aaj
∂xi
− ∂A
a
i
∂xj
+ ǫabcA
b(+)
i A
c(+)
k
and the expressions (8) and (10) we can write the field tensor F aij in a more explicit form
F aij =
1
r2
[
(xj + rδj0)A
a
i − (xi + rδi0)Aaj − 2iτaij
]
.
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The straightforward computation gives
F aijF
b
jk =
1
r6
(
xixk − r2δik
)
δab +
1
r2
ǫabcF
c
ik.
or
F aijF
b
ij =
4
r4
δab. (11)
6 Topological Charge
It is convenient to perform the computation of the topological charge in the five-dimen-
sional hyperspherical coordinates, which we define as
x0 = r cos θ,
x2 + ix1 = r sin θ sin
β
2
ei
α−γ
2 ,
x4 + ix3 = r sin θ cos
β
2
ei
α+γ
2 ,
where r ∈ [0,∞), θ ∈ [0, π], α ∈ [0, 2π), β ∈ [0, π], γ ∈ [0, 4π).
It is known that the components of the second rank tensor in the different coordinate
systems are interrelated by the formula
f¯ik =
∂xm
∂x¯i
∂xn
∂x¯k
fmn
in our case x¯0 = r, x¯1 = θ, x¯2 = β, x¯3 = α, x¯1 = γ. The direct computation gives that
F ark ≡ 0, where k = r, θ, β, α, γ (the other components see in the Appendix).
Using the explicit forms of the hyperspherical components F aij it is possible to verify
that the field tensor F aij is a self-duality
∗F a(+)µν = F a(+)µν , µ, ν = 1, 2, 3, 4. (12)
Further, using the definition of the topological charge
q =
1
32π2
3∑
a=1
∮
∗F a(+)µνF a(+)µν dS
where dS = r
4
8
sin3θ sin βdθdβdαdγ, and taking into account equations of the self-duality
(12) and orthogonality conditions (11) we obtain that in our case q = +1.
So, we see that the equation (7) describe the charge-dyon system with SU(2) Yang
monopole [11], and Schro¨dinger equation for the eight-dimensional isotropic oscillator and
equation (7) are dual to each other.
It is important to note the following fact
qa =
1
32π2
∮
∗F a(+)µνF a(+)µν dS =
1
3
,
i.e. 1/3 topololigical charge correspond to each a-th component of the gauge field F aij .
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7 Hidden Symmetry
Since, our obtained system is a non-Abelian extension of the five-dimensional Coulomb
problem, it is natural to try to construct an analog of the Runge-Lenz vector for Yang-
Coulomb monopole by passing from IR3(~x) to IR5(~x) and taking account of the gauge field
[12]. The first step was made many years ago [13]
Mˆk =
1
2
√
µ
0
(
pˆilˆik + lˆikpˆi +
2µ0e
2
h¯
xk
r
)
,
where pˆi = −ih¯∂/partialxi, lˆij = 1h¯ (xipˆj − xj pˆi). The second step can be realized by the
substitution [11]:
pˆi → πˆi = pˆi − h¯Aai Tˆa,
lˆij → Lˆij =
1
h¯
(xiπˆj − xjπˆi)− r2F aijTˆa.
The following fundamental commutation relations are valid
[πˆi, xj ] = −ih¯δij , [πˆi, πˆj ] = ih¯2F aijTˆa.
It is possible to verify that
[Lˆik, xj] = iδijxk − iδkjxi, [Lˆik, πˆj] = iδij πˆk − iδkj πˆi,
[Lˆij , Lˆmn] = iδimLˆjn − iδjmLˆin − iδinLˆjm + iδjnLˆim,
i.e. Lˆij are indeed the generators of the group SO(5) and [Hˆ, Lˆij ] = 0.
After some calculations, we have [Hˆ, Mˆi] = 0 which means that Mˆi is the fact analog
of the Runge-Lenz vector for Yang-Coulomb monopole. It can also be shown that
[Lˆij , Mˆk] = iδikMˆj − iδjkMˆi, [Mˆi, Mˆk] = −2iHˆLˆik.
These commutation rules generalize relations known from the theory of the Coulomb
problem [14].
Finally, let us introduce the 6× 6 matrix
Dˆ =
(
Lˆij −Mˆ ′i
Mˆ ′j 0
)
,
where Mˆ ′i =
(
−2Hˆ
)
−1/2
Mˆi. The components Dˆµν (where µ, ν = 0, 1, 2, 3, 4, 5) satisfy the
commutation relations
[Dˆµν , Dˆλρ] = iδµλDˆνρ − iδνλDˆµρ − iδµρDˆνλ + iδνρDˆµλ,
i.e. Dˆµν are the generators of the group SO(6). Since [Hˆ, Dˆµν ] = 0, one concludes that
Yang-Coulomb monopole is provided by the SO(6) group of hidden symmetry.
For the continuous spectrum (ǫ > 0) we have
[
ˆ˜
M i,
ˆ˜
Mk] = −iLˆik,
where
ˆ˜
M i =
(
2Hˆ
)
−1/2
Mˆi, and the group of the hidden symmetry is SO(5, 1).
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8 Energy Levels
The Casimir operators for SO(6) are [15]
Cˆ2 =
1
2
DˆµνDˆµν ,
Cˆ3 = ǫµνρστλDˆµνDˆρσDˆτλ,
Cˆ4 =
1
2
DˆµνDˆνρDˆρτ Dˆτµ.
According [16], the eigenvalues of these operators can be taken as
C2 = µ1(µ1 + 4) + µ2(µ2 + 2) + µ
2
3,
C3 = 48(µ1 + 2)(µ2 + 1)µ3,
C4 = µ
2
1(µ1 + 4)
2 + 6µ1(µ1 + 4) + µ
2
2(µ2 + 2)
2 + µ43 − 2µ23,
where µ1, µ2 and µ3 are positive integers or half-integers and µ1 ≥ µ2 ≥ µ3.
Direct calculation lead to the representation
Cˆ2 = −
e4µ0
2h¯2Hˆ
+ 2Tˆ 2 − 4,
Cˆ3 = 48
(
− µ0e
4
2h¯2Hˆ
)1/2
Tˆ 2, (13)
Cˆ4 = Cˆ
2
2 + 6Cˆ2 − 4Cˆ2Tˆ 2 − 12Tˆ 2 + 6Tˆ 4.
From the equation we can obtain another expression for the eigenvalue C4
C4 = [C2 − 2T (T + 1)]2 + 6 [C2 − 2T (T + 1)] + 2T 2(T + 1)2
and calculate that
C2 − 2T (T + 1) = µ1(µ1 + 4), (14)
µ22 (µ2 + 2)
2 + µ43 − 2µ23 = 2T 2(T + 1)2. (15)
The energy levels of the Yang-Coulomb monopole can be derived from (13) and (14)
ǫTN = −
µ0e
4
2h¯2(N
2
+ 2)2
, (16)
where µ1 = N/2 and N–nonnegative integer number. The substitution of the eigenvalues
of Hˆ and Tˆ 2 in the equation for Cˆ3 gives one more formula for C3
C3 = 48(µ1 + 2)T (T + 1).
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Now, we have two expressions for C3 and the comparison leads the relation
T (T + 1) = (µ2 + 1)µ3. (17)
Comparing (17) with (14) we will get the equation(
µ22 − µ23
) [
(µ2 + 2)
2 − µ23
]
= 0.
Since µ3 ≤ µ2, one concludes that µ3 = µ2. Then, from (17) it follows that µ2 = T .
Therefore, N in the formula (16) takes only values N
2
= T, T + 1, T + 2, ..., – the result
known from our paper [17].
9 Conclusions
Formulae (5) and (6) together with the ansatz (3) form the duality transformation map-
ping of the eight-dimensional quantum oscillator into the charge-dyon system with the
SU(2) Yang monopole. This type of duality is valid not only for the 8D, 4D and 2D
oscillators, but also for the oscillator-like systems with the potentials
V
(
u2
)
= c0 + c1u
2 +W
(
u2
)
,
where W (u2) has a polynomial form
W
(
u2
)
=
∞∑
n=2
cnu
2n.
For such modified potentials, the ansatz (3) can be rewritten as
ǫ = −c1
4
, e2 =
E − c0
4
.
The hidden symmetry of the SU(2) Yang-Coulomb monopole makes possible to solve
the equation (7) in the five-dimensional hyperspherical, parabolic and elliptic coordinates
by the separation of variables method [17, 18, 19].
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10 Appendix
1. The Cartesian components of the gauge field tensor F aij :
F 101 = −
x4
r3
, F 102 = −
x3
r3
, F 103 =
x2
r3
, F 104 =
x1
r3
,
F 112 =
x2x4 − x1x3
r3(r + x0)
, F 113 =
x1x2 + x3x4
r3(r + x0)
, F 114 =
1
r2
[
x21 + x
2
4
r(r + x0)
− 1
]
,
F 123 =
1
r2
[
x22 + x
2
3
r(r + x0)
− 1
]
, F 124 =
x1x2 + x3x4
r3(r + x0)
, F 134 = −
x1x2 + x3x4
r3(r + x0)
.
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F 201 = −
x3
r3
, F 202 =
x4
r3
, F 203 = −
x1
r3
, F 204 =
x2
r3
,
F 212 = −
x1x4 + x2x3
r3(r + x0)
, F 213 = −
1
r2
[
x21 + x
2
3
r(r + x0)
− 1
]
, F 214 =
x1x2 − x3x4
r3(r + x0)
,
F 223 =
x3x4 − x1x2
r3(r + x0)
, F 224 =
1
r2
[
x22 + x
2
4
r(r + x0)
− 1
]
, F 234 =
x1x4 + x2x3
r3(r + x0)
.
F 301 = −
x2
r3
, F 302 =
x1
r3
, F 303 = −
x4
r3
, F 304 =
x3
r3
,
F 312 =
1
r2
[
x21 + x
2
2
r(r + x0)
− 1
]
, F 313 =
x2x3 − x1x4
r3(r + x0)
, F 314 =
x1x3 + x2x4
r3(r + x0)
,
F 323 = −
x1x3 + x2x4
r3(r + x0)
, F 324 =
x2x3 − x1x4
r3(r + x0)
, F 334 =
1
r2
[
x23 + x
2
4
r(r + x0)
− 1
]
.
2. The hyperspherical components of the gauge field tensor F aij :
F 1θβ =
1
2
sin θ sinα, F 1θα = 0, F
1
θγ = −
1
2
sin θ sin β cosα,
F 1βα = −
1
4
sin2θ cosα, F 1βγ = −
1
4
sin2θ cos β cosα, F 1αγ =
1
4
sin2θ sin β sinα.
F 2θβ =
1
2
sin θ cosα, F 2θα = 0, F
2
θγ =
1
2
sin θ sin β sinα,
F 2βα =
1
4
sin2θ sinα, F 2βγ =
1
4
sin2θ cos β sinα, F 2αγ =
1
4
sin2θ sin β cosα.
F 3θβ = 0, F
3
θα =
1
2
sin θ, F 3θγ =
1
2
sin θ cos β,
F 3βα = 0, F
3
βγ = −
1
4
sin2θ sin β, F 3αγ = 0.
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